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What is frequency?

ÅFrequency definition

ÅFourier glass

ÅInstantaneous frequency

ÅSignal composition: trend, periodical, 

stochastic, and discontinuity



What is frequency?

ÅThe inverse of period. But then what is period?

ÅNumber of times of ñhappeningò in a period. Then what is 

ñhappeningò? Zero crossing, extrema, or others?

ÅFourier transform. 



Frequency definition (1)

Å Period is defined as number of 
events in duration of time. And 
frequency is the inverse of 
period.

Å The concept of period is an 
average. So do the frequency. 

Å Since there is no 
instantaneous period, there is 
no instantaneous frequency.

Å Putting on Fourier glasses, 
uncertainty principle comes 
into play for sinusoidal signal. 
That is, the lower the 
frequency to be identified, the 
longer the duration of signal.



Analogy between velocity and frequency
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Average velocity: Instantaneous velocity:

Average frequency:
What is instantaneous frequency?



Single frequency?

Å Is the squared periodical wave 

of single frequency?

Å With Fourier glasses, sine 

wave is of single frequency 

while squared wave is of 

multiple frequencies. 

Å What is the definition of 

frequency?

Å What do we want to see?



Non-Periodical Signal of many frequencies?

Å Does a straight has a 

frequency? 

Å Putting on Fourier glasses, we 

see so many frequencies from 

a straight line.

Å Again what do we want to see?



What do we want from frequency?

Data perception

ÅSignal is normally composed of four parts: trend, 

periodical, discontinuity(jump, end effect), and stochastic.

ÅTrend is best perceived in time domain.

ÅDiscontinuity which might result in infinitely many 

components in Fourier analysis is better eliminated 

before processing. 

ÅStochastic part currently is not involved in this discussion. 

ÅPeriodical signal can be well perceived in time-

frequency-energy representation. 



Why Fourier?

1. LTI system

2. Sine/Cosine: Eigen-function of LTI system

3. Frequency: Eigen-value of LTI system



Linear Time Invariant System

ÅLinear System :

Å Time Invariant:   
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LTI vs. Convolution
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Exponential : eigen-function of LTI system
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Sin and Cos functions are eigenfunction of LTI system.

Eigenvalue of a LTI system is frequency. 



Data Analysis vs Data Processing

Data Analysis

ÅFor understanding

ÅFor discovery

ÅFind out whatôs behind 

the signal.

Data Processing

ÅFor control

ÅFor design

ÅFind out what 

model(parameters) best 

fits the pass behavior.



Sampling: 
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The connection between continuous and discrete world is via sampling:

Thru the generalized function theory, weak formulation ensures

the mathematical identity. 



DFT: zero order integration

ÅDiscrete signal can be written as continuous function 

with Delta function trains weighted by sampled values. 

Continuous Fourier transform for the signal results 

naturally into zero order integration.  
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The accuracy of DFT*

*Extracted from ñSignal And Linear Systemò, p331



The accuracy of DFT*

*Extracted from ñSignal And Linear Systemò, p331



Time vs Frequency*

*Extracted from ñDigital Signal Processingò by Roberts & Mullis



Time vs Frequency

Time domain

ÅContinuous

ÅPeriodical (finite length)

ÅDiscrete (sampling)

Frequency domain

ÅContinuous

ÅDiscrete (sampling)

ÅPeriodical (finite length)



Fourier Transform

Continuous in Time Continuous in Frequency
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Discrete in Time Fourier Transform 

(DTFT)

Discrete(sampling) in time Periodical in frequency
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Aliasing

1. What is aliasing?

2. Aliasing effect in time-frequency plot.

3. How to avoid aliasing?



Aliasing

20 Hz signal sampled at 15 Hz
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Source signal: sin(2*pi*10*t*t*t)

Sample rate: 1000Hz

CustomWave
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Down sampled (2sec,10sec,100sec)

Mixer-EnMorlet
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Aliasing effect in accelerometer signal
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Anti-Aliasing

ÅDo low pass filter on analog signal before sampling. 

(This is done normally using analog circuit. For 

advanced data acquisition system, the function is a built-

in feature.) If the frequency of interest is say Fc, signal of 

frequency higher than Fc should be eliminated. 

ÅDigitize signal with sampling rate higher than Nyquist

frequency 2Fc. (According to sampling theory, 

information will be lost for sampling rate lower than the 

Nyquist frequency. In practice, sampling should be much 

higher than Nyquist frequency. In practice, we suggest 

sampling rate be more than 20 times the frequency of 

interest Fc.) 



Uncertainty Principle



Simultaneously Determine Time and 

Frequency  
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Removal of Non-Periodical Signal

Frequency based filter

Iterative Gaussian Filter

EMD as filter



Is Taipei getting warmer?

Taipei hourly temp 1961-2007

1970 1980 1990 2000

Date

0

10

20

30

40

d
e

g
re

e
 (

fa
h

re
n

h
e

it
) 



Trend Removal 

Viewer
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Taipei hourly temp 1961-2007- IGaussFilter

Smoothing length: 20 years 

Smoothing length: 40 years
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Trend embedded in signal of interest

ÅDo we have noise signal 

of low frequency?

CustomWave
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EMD for trend removal

ÅEMD is also a good way 

to separate trend signal.

View IMF
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Moving Average
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Smooth curve can be obtained by moving average:

In general number of point average can be many with Gaussian weighting.



Gaussian Filter and Heat Diffusion

For continuous signal, Gaussian filter is written as 
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It is the solution of the following heat equation 

The analogy suggests that diffusion effect results in 

smoothing of signal (temperature).  



Gaussian Filter

Å Iterative moving least square method

Å Zero phase error

Å Fast algorithm developed by Prof. Cheng of NCKU.

Å Continuous signal  with trend can be written in the form:

For each iteration of Gaussian filter, polynomial order m is reduced 

by 2. 

Å Gaussian function is the fundamental solution to heat equation. The 

idea of smoothing is similar to the mechanism of heat spreading, 

regarding signal as unbalanced temperature distribution to begin 

with.  
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Iterative Gaussian Filter

ÅFor continuous signal, its Fourier representation is 

40

Gaussian filter is the weighted average with Gaussian as the 

weighting function

where



Iterative Gaussian Filter

ÅAfter m times of iteration, filtered signal is represented as 

41



Iterative Gaussian Filter
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After m times of iteration, the transfer function becomes:



Iterative Gaussian Filter

f
fHfL
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1
bϩAttenuation factor

(e.g. b=0.01)

fLϩLow frequency

fHϩHigh frequency



Iterative Gaussian Filter

ÅThe Gaussian factor ,ů, and number of iteration, 

m, are determined via solving
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Trend Estimator

TC (Trend period)ϩFor low pass filter, period lower than the value will 

be annihilated. In practice Tc is approximately the length of ñbumpò 

(half wavelength) under which will be eliminated. 
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Time-frequency analysis and 

instantaneous frequency

1. What is time-frequency analysis?

2. The need for instantaneous frequency

3. Methods used for time-frequency analysis



TF Plot: Single frequency



TF Plot: Change of frequency

Å Signal with abrupt change of 

frequency.
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TF Plot: Change of frequency and amplitude

Å Signal with abrupt change of 

frequency and amplitude
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Time-Frequency Analysis Comparison

Fourier 

Transform

STFT Morlet / 

Enhanced 

Morlet

Hilbert 

Transform

HHT

Instantaneo

us frequency

n/a distribution distribution Single value Discrete 

values

Frequency 

change with 

time

no yes yes yes yes

Frequency 

resolution

good ok ok/good good good

Adaptive 

base

no no no n/a yes

Handling 

non-linear 

effect

n/a no no yes yes



Short-Term Fourier Transform

Å Frequency at a certain time is 

a distribution obtained from 

Fourier transform. The short 

period of signal applied to the 

Fourier transform contains the 

specific moment of interest.

Å In time-frequency analysis, 

such idea evolves as the 

Short-Term Fourier Transform 

(STFT). 
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STFT: 

Note g is a windowing function. 

For Gaussian window, the transform

is also known as Gabor Transform. 



Challenges in STFT

ÅCatching low frequency component needs longer time. 

ÅWindowing is needed to avoid end effects.

=> STFT is suitable for band-limited signal like speech and 

sound.



Morlet Transform

Å Scale property in signal is 

related to frequency property 

when mother wavelet is Morlet..

Å Longer duration of wavelet is 

used to catch lower frequency 

component. 
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Morlet transform

Å Morlet transform on a chirp 

signal. 

Å In catching the high frequency 

spectrum, mother wavelet of 

short duration of time is used. 

The spectrum of such wavelet 

suffers from wide span of 

frequency, resulting in low 

resolution, as shown in the 

right left plot.   



Enhanced Morlet Transform

Å By applying Gaussian 
windowing in frequency 
domain and knowing that the 
crossed term of convolution 
between mother wavelet and 
signal is the cause of blur, the 
resolution of Morlet transform 
can be greatly improved by 
neglecting the crossed term.

Å The fine structure appears in 
high frequency region is 
caused by under sampling. 
The chirp signal is digitized 
with constant sampling rate. 



Chirp signal with higher sampling rate

Å With higher sampling rate, the 

fine structure in TF plot 

disappeared. This is to assure 

the fine structure pattern is 

caused by under sampling.



Time-Frequency Resolution

Heisenberg Box
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Primary vs.  Nature Frequency



Primary vs. Secondary frequency

Primary (ᶬ Ѐ

ÅForce vibration

ÅNormally with overtones 

or harmonics

ÅFrequency varies as 

driving frequency

SecondaryϿ Ѐ

ÅAlso known as 

Fundamental or Natural 

Frequency

ÅInduced by forced 

excitation

ÅFrequency remains the 

same with various speed 

of excitation. 



Identification of frequency via spectrum 

analysis
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Rpm=10

Rpm=15

Primary frequencies change with rmp, while secondary 

frequencies remain the same.



Harmonic and Overtone

Å Non-sinusoidal creates harmonics 

in spectrum domain.

Å Overtone generally refers to high 

frequency peaks which is not 

exactly multiples of principle 

frequency. For example, drum 

beating.  

Å Both primary and secondary 

frequencies contain overtones. 

Å Primary excitation can only 

includes harmonics. 
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Primary and secondary frequency 

distinction
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Amplitude modulation (beat wave)



Beat wave
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Amplitude modulation


