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What Is frequency?

A-requency definition
Aourier glass
Anstantaneous frequency

ASignal composition: trend, periodical,
stochastic, and discontinuity
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What is frequency?

A The inverse of period. But then what is period?

ANumber of times of fhappeni
Ahappeni ngo? ekteema orothess2 si ng,

A Fourier transform.

L AnCAD



Frequency definition (1)

Period is defined as number of
events in duration of time. And
frequency is the inverse of
period.

The concept of period is an
average. So do the frequency.

Since there is no
Instantaneous period, there is
no instantaneous frequency.

Putting on Fourier glasses,
uncertainty principle comes
Into play for sinusoidal signal.
That is, the lower the
frequency to be identified, the
longer the duration of signal.
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Analogy between velocity and frequencys

Average velocity: Instantaneous velocity:
Dx _dx

Vav - — —> \/in - a
Dt

What is instantaneous frequency?
Average frequency:

DN .k
av Dt —> in dt
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Is the squared periodical wave
of single frequency?

With Fourier glasses, sine
wave is of single frequency
while squared wave is of
multiple frequencies.

What is the definition of
frequency?

What do we want to see?
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Non-Periodical Signal of many frequeni( ‘

A Does a straight has a
frequency?

A Putting on Fourier glasses, we
see so many frequencies from
a straight line.

A Again what do we want to see?

straight line
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What do we want from frequenc ;

Data perceptlon

A Signal is normally composed of four parts: trend,
periodical, discontinuity(jump, end effect), and stochastic.

A Trend is best perceived in time domain.

A Discontinuity which might result in infinitely many
components in Fourier analysis is better eliminated
before processing.

A Stochastic part currently is not involved in this discussion.

A Periodical signal can be well perceived in time-
frequency-energy representation.
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why Fourier?

1. LTI system
2. Sine/Cosine: Eigen-function of LTI system
3. Frequency: Eigen-value of LTI system



Linear Time Invariant System

A Linear System :
Eaf, (t) + bf, (1)) = alf, (t) + bi&, (1

A Time Invariant:

5 (t) = ht)
5 (t- u) = ht- u)

L] AnCAD



LTI vs. Convolution

Ea(t) = G(t)
E (t) = I5¥f (u)al(u - t)du

= Aif (u)Ea(u - t)du

=Nf (U)G(u- t)du
=f*G
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Exponential : eigen-function of LTISyStem

Ee = | (w)e™

Sin and Cos functions are eigenfunction of LTI system.
Eigenvalue of a LTI system is frequency.
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Data Analysis vs Data Processin:

Data Analysis Data Processing
A For understanding A For control
A For discovery A For design
AFind out whatAHEndbuewhatn d
the signal. model(parameters) best

fits the pass behavior.
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Sampling:

The connection between continuous and discrete world is via sampling:

F(t)= 3 dlt- kDT,

k=- o

where

f = f (kDt)

Thru the generalized function theory, weak formulation ensures
the mathematical identity.



DFT: zero order integration

A Discrete signal can be written as continuous function
with Delta function trains weighted by sampled values.
Continuous Fourier transform for the signal results
naturally into zero order integration.

Fo=8 fw"

=1



The accuracy of DFET*

TABLE 5.16.1 :
Comparison of DFT with Fourier Transform Values

T - |F,| Percentage T - |F,| Percentage
8 wo=nQ [|Fjo| N=10,T =14 Error N=20,T=+ Error
0 0 1 1 0 1 0
1 T 0.636620 0.647214 1.7% 0.639245 0419
2 2n 0 0 0 0 0
3 3n 0.212206 0.247212 16.5% 0.2202689 3.8%
4 4n 0 0 0 0 0
5 5n 0.12732 0.20 57.1% 0.1414214 11.1%
6 6n 0 0 0 0] 0
7 T 0.0909457 0.247212 “a 0.112232 23.4Y%;
8 8= 0 0 0 0 0
9 9n 0.070735 0.647214 — 0.1012465 43.1%
10 10 o 1 — 0 0
11 117 0.057874 0.647214 — 0.1912465 “
12 12n 0 0 0 0 0

m

“Fold-over frequency of spectrum. See Figure 5.16.4.

*Extracted from ASignal And



The accuracy of DFET*
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FIGURE 5.16.4 Comparison of DFT calculation with the true Fourier integral spectrum.

*Extracted from ASignal And L’{ ASCAD

C

\



Time vs Frequency®

Continuous in time Discrete in time — Periodic in frequency
fin FT Fljw) f(k) DTFT: t, Feiwig)
f——— -
> —t w k w
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§ 0 il
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& L7 ity
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z i) > fF(fw) el Wi de Fk) =:Tﬂr [ Flelwtn) e/kwiy dos
Q —oo &
E w ~mig
E C(w) = —fwi =
S Fie) f ey eriwtar Fleieto) = 3 (k) e=Awro
—oo h=_—=
Fourier transform Discrete-time Fourier transform
fln) FS: wy F(n) 1k DFT; N E(n)
g NN 0000 == . tlle a1t
K] ! nw k it
’%‘) ‘-I \*Z‘rr,fwo
g - . sy =L 75" iy vy
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Fourier series Discrete Fourier transform

*Extracted from ADigital




Time vs Frequency

Time domain

A Continuous

A Periodical (finite length)
A Discrete (sampling)

Frequency domain

A Continuous

A Discrete (sampling)

A Periodical (finite length)
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Fourier Transform

Continuous in Time Continuous in Frequency

+ O

F(w) = pfjf (t)e ™dt

f (1) =$_+6:(W)ej”‘dw

\\'
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Discrete in Time Fourier TranSiomm™

(DTFT)

Discrete(sampling) in time Periodical in frequency
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Aliasing

1. What is aliasing?
2. Aliasing effect in time-frequency plot.
3. How to avoid aliasing?



Aliasing

Aliased frequency: 20-15 =5 Hz
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Source signal: sin(2*pi*10%t*

frequency (Hz)
N w

Sample rate: 1000H

CustomWave

3 4
time (sec)

CustomWave-FastSTFT
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Anti-Aliasing

A Do low pass filter on analog signal before sampling.
(This is done normally using analog circuit. For
advanced data acquisition system, the function is a built-
In feature.) If the frequency of interest is say Fc, signal of
frequency higher than Fc should be eliminated.

A Digitize signal with sampling rate higher than Nyquist
frequency 2Fc. (According to sampling theory,
Information will be lost for sampling rate lower than the
Nyquist frequency. In practice, sampling should be much
higher than Nyquist frequency. In practice, we suggest
sampling rate be more than 20 times the frequency of
Interest Fc.)
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Uncertainty Principle
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Simultaneously Determine THme ancs
Frequency
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Time and Frequency Resolutions
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Formula

Equality  holds when

s -
Ly

glt)~ e
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Removal of Non-Periodical Sighal

Frequency based filter
lterative Gaussian Filter
EMD as filter
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Taipei hourly temp 1961-2007
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Trend embedded in signal of interest

A Do we have noise signal
of low frequency?

CustomWave
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EMD for trend removal

A EMD is also a good way
to separate trend signal.

View IMF
T
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ime (sec)
View Residual
/_/
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Moving Average

\\

EQ

Smooth curve can be obtained by moving average:

X = Pea X X1 )3

In general number of point average can be many with Gaussian weighting.
\2
(K-J) )

2
2s e $/AnCAD

xi( = Aa Xk—j exp-



Gaussian Filter and Heat Diffusion’

For continuous signal, Gaussian filter is written as

, - t-1
0= AriQexpe ; )l
2S5
It is the solution of the following heat equation

U _ uuu(

i

The analogy suggests that diffusion effect results in
smoothing of signal (temperature).



Gaussian Filter

lterative moving least square method

Zero phase error

Fast algorithm developed by Prof. Cheng of NCKU.
Continuous signal with trend can be written in the form:

To To Io I

n m
X(t)=q a cosmt+hb sinwt+q at
k=1 i=0
For each iteration of Gaussian filter, polynomial order m is reduced
by 2.

A Gaussian function is the fundamental solution to heat equation. The
iIdea of smoothing is similar to the mechanism of heat spreading,
regarding signal as unbalanced temperature distribution to begin
with.



lterative Gaussian Filter

A For continuous signal, its Fourier representation is

I .
f(t) =— J- Flw)e™ dw
2T J_

Gaussian filter is the weighted average with Gaussian as the
weighting function

1 e _(e=o?
f, (t) = E{E}J._m e o f(t)dt

+oo =
where cla) = J. e ot dt =o'n

40



lterative Gaussian Filter

A After m times of iteration, filtered signal is represented as

1
() = ——

41
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lterative Gaussian Filter

After m times of iteration, the transfer function becomes:

05 .

amplification

. | . | . | . | . | . | . | . | . | .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
normalized frequency (fn)
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lterative Gaussian Filter

be Attenuation factor
(e.g. b=0.01)
f,.2 Low frequency

f,2 High frequency

AnCAD



lterative Gaussian Filter

AThe Gaussian factor , 0,
m, are determined via solving

1- !1_ e-2,02(5 fL)Z]m =b
1_ !1_ e—2,02(5 fH)Z]m :1_ b
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Trend Estimator

Tc (Trend period) 2 For low pass filter, period lower than the value will
be annihilated. In practice Tci s approxi mately th
(half wavelength) under which will be eliminated.

Cutoff frequency fC — 3
TC
2
f=2
TC
£, =2f,
Number of iteration m=233



Time-frequency analysiS‘ancs

Instantaneous freguency

1. What is time-frequency analysis?
2. The need for instantaneous frequency
3. Methods used for time-frequency analysis
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TF Plot: Single frequency
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TF Plot: Change of frequency™

A Signal with abrupt change of
frequency.

() = 8030005 10)  0¢t<1
10.30cos@? 200t) 1¢t<?2




|

TF Plot: Change of frequency and amplit;t‘”]e_ |

A Signal with abrupt change of
frequency and amplitude

€0.30cos@3 10pt) ,0¢t<1

X(t) =1 ,
{ 0.15cos@® 20pt) J1¢t<?2




Time-Frequency Analysis Compari' C

Fourier STFT Morlet / Hilbert HHT
Transform Enhanced Transform
Morlet

Instantaneo | n/a distribution distribution Single value Discrete
us frequency values
Frequency no yes yes yes yes
change with
time
Frequency good ok ok/good good good
resolution
Adaptive no no no n/a yes
base
Handling n/a no no yes yes
non-linear
effect




Short-Term Fourier Transform

A Frequency at a certain time is
a distribution obtained from
Fourier transform. The short
period of signal applied to the

Fourier transform contains the STFT:
specific moment of interest.

A In time-frequency analysis, . it
such idea evolves as the F(t,n) = nf (£)g(f - t)e " ds

Short-Term Fourier Transform

(STFT). Note g is a windowing function.

For Gaussian window, the transform
IS also known as Gabor Transform.



Challenges in STFET

A Catching low frequency component needs longer time.
A Windowing is needed to avoid end effects.

=> STFT is suitable for band-limited signal like speech and
sound.
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Morlet Transform

A Scale property in signal is
related to frequency property
when mother wavelet is Morlet..

A Longer duration of wavelet is
used to catch lower frequency
component.

F(t,9) = fif (r)\/lgy*(f'st)dr



A Morlet transform on a chirp

signal.

In catching the high frequency
spectrum, mother wavelet of
short duration of time is used.
The spectrum of such wavelet
suffers from wide span of
frequency, resulting in low
resolution, as shown in the
right left plot.




A By applying Gaussian
windowing in frequency
domain and knowing that the
crossed term of convolution
between mother wavelet and
signal is the cause of blur, the
resolution of Morlet transform
can be greatly improved by
neglecting the crossed term.

A The fine structure appears in
high frequency region is
caused by under sampling.
The chirp signal is digitized
with constant sampling rate.
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A With higher sampling rate, the
fine structure in TF plot
disappeared. This is to assure
the fine structure pattern is
caused by under sampling.




Time-Frequency Resolution

Helsenberg Box

- | N
>
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] Ee | ]
STFT Morlet Enhanced Morlet
time
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Primary vs. Nature Fregueney
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Primary vs. Secondary frequen

Primary (m E Secondary 3 E

A Force vibration A Also known as
A Normally with overtones Fundamental or Natural

or harmonics Frequency
A Frequency varies as A Induced by forced
excitation

driving frequency
A Frequency remains the

same with various speed
of excitation.
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ldentification of frequency via Spectrth

analysis
A
Rpm=10
= f
A ) i
e ..U\ ,_M .

Primary frequencies change with rmp, while secondary

fr ncies remain th me.
equencies rema e sa A £ ocan



Harmonic and Overtone

Non-sinusoidal creates harmonics
in spectrum domain.

Channe! 1
Overtone generally refers to high 0 P A AR RS R R A PR M P
frequency peaks which is not
exactly multiples of principle or
frequency. For example, drum ) |
beating. B T e R
Both primary and secondary el
frequencies contain overtones. Channel LT
Primary excitation can only T T T T T T
includes harmonics.
| A A
. e e e e e by by b ey
0 10 2 3 40 50 60 10 80 90 100
frequency (Hz)



Primary and secondary fi
distinction

Channel 2-Morlet
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Amplitude modulation (beatWwave)s
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Beat wave
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Amplitude modulation
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