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SIGNAL MODELING FOR
GROUNDWATER
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Signal modeling is to represent single
or multiple signals via some model
parameters.

Signal modeling is used for signal
prediction, reconstruction and
understanding.
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Why Conceptual Signal Modeling?

03] .
3—1:+Lmu=f($,t) u=u(z,t)

Partial differential equation

I.C. => unknown

B.C. => unknown

Source terms => unknown
Material parameters => unknown

‘ Conceptual Signal Modeling

du
5 T Pw.t) = f(t) u = u(t)

Ordinary differential equation
No spatial operator

I.C. => measurement data
Material parameters => fitting
AnCAD Inc.

Aquifer Systems
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Lumped Systems of Groundwater
RE B

Aol bt i L

1998 2000 2002 2004
Date

* The level will gradually decay in dry season.

* The variation of groundwater level is highly
related to rainfall.
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Lumped Systems of Groundwater

* Input:
— Natural recharge
e A B bk v A AD
* Output: {:D NN
. b AW -
— Natural discharge AT
e Groundwater level:
— Not varies spatially "%’ e
— Only a function of 8 e
time
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Confined Aquifer System

Rainfall

w(z,t) = plx,t) /vy + z(2) [ Hl
. / ’ -
R
Potentiometric head N
S R

‘/‘

Confined
Confining aquifer
unit

Confining

Sea level
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Unconfined Aquifer System

) .
,u,(:;z:1 t) = %’ + Zb(-’ff) + zth(ﬂfst) Rainfall

I

Unconfined
aquifer

Sea level
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Assumptions

e No vertical flow (Dupuit Assumption)
 Size specific lumped system
* Quasi-static
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Lumped System(unconfined aquifer)
rainfall .
pumping
lll hr(f) Water table
h(®) Ape =a
f’ld(l‘) Slape =b
< 1 —
. > e h
discharge| \: (_\ recharge
/<\\ Control vomme \
s dx L, ox X
T Z,
Schematic illustration of size specitic lumped system.
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Size Specific Lumped System

* Source free equation for unconfined aquifer:

Q. =—KLyu(t)-a a= % at »=ux,
- oh
Qa=—KLju(t)-b b= —, at 2=y
' dx
L Ou i
LyLoS, 57 = =K Ly(a+ bu(?)

— Where L. is length of lumped system along the
axis of flow, L, is the length of flow area in y-
direction, and S, is the specific yield.
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Size Specific Lumped System
. ou
* We can rearrange the equation as ; = —Au
« Dissipating coefficient: = Xe+0 K
Sy La S,
rainfall J—
lll . Tp ¢ “:-(t) Water table
w(t) H /éperd
ua(t) Sldpe = b
e <
discharge Z :\ . recharge
/’I’}"_:j\ Control volume h
—i br =— (L) — 62— x
Ta Q Li?,- '
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Size Specific Lumped System

e Consider pumping and rainfall effect

ou*
ot

= —\u'(t) +yR(t) — o P(t)

— Where R(t) and P(t) represent rainfall infiltration
and artificial pumping respectively.

— The associated parameters 7 and o relates to
rainfall infiltration and pumping equivalency.

— Pumping effect can be approximated via PRS
(pumping recovery strength)
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Lumped Systems of Groundwater

* Three major parameters:
— Dissipation coefficient
¢ The time constant of how long water be kept in the system.
— Rainfall Infiltration coefficient

¢ Convert a fraction of observed precipitation effectively
injected into groundwater reservoir.

— Pumping conversion coefficient

¢ Convert a fraction of observed pumping effectively out of
groundwater reservoir.

* The parameters can be identified with the aid of
historical data.

AnCAD Inc. 15
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Size Specific Lumped System

* Consider the bottom level , where w*(t) = u(t) — u,
,and the solution is

u(t) = up(1 — e ™) + e Mug + ]{; e (YR(1) — o P(7))dT]

* Since the equation is linear, we can evaluate
the solution with respect to constant and
periodical sink or source respectively.
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Case I: Source free

condition Y

 Without infiltration ult) = up + (uo — up)e
and pumping, the 1
solution suggests Half-time period: /1 = —~
water level decay as an

exponential function, Half-time
and approaches u;,. (1/year) period
PP b [normalized] /phase
¢ The trend suggests delay(days)
grouanater acts . 3.9[0.62] 64.9/59
more like a reservoir

: : FUVERE N 1.10.175]  229/81.2
as it retains water -

easily when located 0.710.111] 361/84.8
closer to the seashore. N
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e For area of large

the variation due to
constant pumping is
relatively small as can
be observed by taking
time variable to
infinity.

AnCAD Inc.
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Case II: Constant
source or sink Ju
e . — 4+ =C
¢ Artificial pumping dt
might create constant
sink by doing - ISV G0 _t
. . u=up+ (ug—up)e”" + —(1 —e™ )
continuous pumping. A

¢ The result suggests restricted
pumping be applied in area of
lower dissipating coefficient
such as in the vicinity of
seashore.
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Case lll: Periodical
source

* Periodical sources in
ground water system are
mainly attributed to
seasonal rainfall (1 year,
RRS) and artificial pumping
(1 day, PRS).

* RRS: Rainfall Recovery
Strength

* PRS: Pumping Recovery
Strength

AnCAD Inc.

du* :
+ Au* = C cos(wpt)
dt
P . . —At
u = up + (ug — up)e” "+
(!
Yo S (Acoswyt 4wy sinwyt — Ae ™)
Wy

Normalized dissipation coefficient

And normalized frequency

Wp

A

Wp =

20

AC

C
) + = cos(wyt — 0)

—At
w=ty+e " (uy— u, —

3
A+ w3

A2+ w?

P

where the phase difference

0 = tan" ' w,

Wp

tan(t,wy,)

t, is the delayed time between peak of rainfall to peak of

groundwater.

Y =
/

A,

—'1!/\2+wf,

A,

where A, and A, are the FFT magnitudes at 1 time/year of

groundwater and rainfall.

AnCAD Inc.
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The Behavior of Artificial Pumping

17_#FAK_061812M2_EE
T T

56.86 [ T T T T E
e M
56.82 4
1 1 1 1 1 1
04/30 05/01 05/02 05/03 05/04 05/05 05/06

* The main frequency component of artificial pumping is 1 time
a day owing to the regular daily routine of human being.

* The PRS can be extracted from the fundamental frequency
and its harmonics, which is a measure of short-period
fluctuation riding on ground water level.

* Pumping strength (rate) is directly proportional to PRS.

AnCAD Inc. 22

GWL vs. Pumping

GWL v.s. Pumping

meter

== GWL
= yearly trend

= pumping strength
1 1 1 T
tH +H —H ViH

month of year

AnCAD Inc.
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Pumping Recovery Strength

e Evaluate steps:
1. Remove trending data of groundwater level.

2. Using Notch filter to extract signal of pumping
frequency (1 cpd) plus its harmonic components.
PRS as a function of time results.

3. Square PRS as a function of time to obtain its
energy, and take integration to get total energy.

4. Divide total energy by length of time to evaluate the
average PRS energy.

5. Take square root of the average PRS energy to get
the average magnitude.

AnCAD Inc. 24
NUMERICAL EXPERIMENTS
AnCAD Inc. 25
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Contents

Parameters discussion

Numerical experiments

Fluid balance analysis

Groundwater in mountain area
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Parameters Discussion

ou*
ot

= —Au*(t) +vR(t) — o P(t)

ot

u(t) = up(1 — e ™) + e Mug + / N (YR(T) — o P(7))dT]

0

What will the solution be if the parameters change?

AnCAD Inc. 27
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Water Balance Analysis

o 0B TR A
—a R
— kg

R
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Water Balance Analysis

ou
5;——kﬂﬂ+?ﬂﬂ—0MU

-%Eﬁ%%ﬁ%ﬁ&:

Us — U = —/\(UQ - U]) + ’}"’(R-g — R]) - (I(Pg — P])

Au = —-MAU +vAR — cAP
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Water Balance Analysis

Au=—-AAU + 7AR — gAp 7 EHIS A
Aux Ax S =(—AAU +7AR — cAP) x A x S
VAR x A x § = (AAU + 0AP + Au) x A x S

Aux Ax S :%ﬁ’k%“‘é
AU xAx S % g
YAR X Ax S %a& »%g
cAPx Ax S :#kE
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Water Balance Analysis

YAR x A x S = (MU + AP+ Au) x Ax S
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Groundwater in Mountain Area

5k
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Groundwater in Mountain Area
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Groundwater in Mountain Area
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Top Level of Aquifer

O — —Mult) = w) +77(t) — ap(t

o =
y(u) = (1 — tanh(S( u(®)
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Top Level of Aquifer
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Conclusion

e Conceptual signal modeling can briefly describe
the aquifer system instead of complex partial
differential equation on early estimating.

* Parameters introduced in signal modeling
characterizes behavior of lumped groundwater
system.

* Water balance can be obtained without physically
solving partial differential equation.

* The total volume of water pumped for an area
can be evaluated via PRS.
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Thank you for listening!

Q&A
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Unconfined Aquifer System Analysis

 Since the area of flow passing through would
be different in unconfined aquifer, the flow
rate ¢ should be written as

_Oh

qg=—K Eh (Darcy’s law)
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Unconfined Aquifer System Analysis

e Consider the conservation of mass:
ov. g Oh  dq
ot Yot Ox
— Where V is the volume and S, is the specific
storage coefficient.
e Combined with the Darcy’s law, then

oh Kih@

S Y —
Yot Or Oz
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Unconfined Aquifer System Analysis

oh K %) h(‘)h

S, — _
Yot or Ox

Let h = u(t)w(zx)
S, (tw(x) = Ku?(t)(w'(x)w(x))

u(t) K (w'(z)w(x)) )

ty S, w(z)

Then, u'(t) = —\u*(t) u(t) ~ %
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Computing total volume
of water pumped for an
area via PRS

Since the effective distributed (J = f (Il(f)(;'f(ffl

pumping strength can be calculated via

observant PRS with known storage

coefficient, overall pumping volume n

can be obtained by integrating the = Z 2{;}(1-&‘ (.u'] Ap
pumping strength all over the area.

With discrete observant groundwater k

stations, such integration is reduced to n

summation of pumping strength times . ~ ~
effective area. Voroini diagram can be = 2)”-*-" Z S(I‘;\.J S (rk)/’{k
used to define control area associated =1

with a specific observant well. Its area

is then used as the summation

weighting.
where

Determination of confined or
unconfined aquifer as well as accurate
measurement of storage coefficient
are crucial in the estimation.

Z
Il
BN
€
n
s
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Aquifer System Analysis

e From Darcy’s law, the flow rate @ can then be
expressed as the gradient of piezometric head
at water table.

dh

= —KA—
@ : or

— Where K is conductivity and A is the area of flow
passing through.

— Assume flow direction is in X-axis and is constant.
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Aquifer System Analysis

e From Bernoulli's principle, the energy
conservation equation of incompressible flow
is

1
pPgz + Epv? + p = const.

— Where P is the density of the fluid, g is the
acceleration due to gravity, ~ is the elevation of
the point above a reference plane, v is the fluid
flow speed, and p is the pressure.

AnCAD Inc. 63

32



F7NIE AR B R S ST & 2013/11/13

Aquifer System Analysis

e Since the flow speed of the aquifer is slow, the
piezometric head can be written as

/a,:z—kﬁ:z—i—g
PY Y

— p is constant in unconfined aquifer, where the top
is at atmospheric pressure , and 7 is the specific
weight.
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Dupuit Assumptions

e Solution for unconfined aquifer is complicated
by the fact that water table varies as water is
withdrawn or injected.

e Under circumstances where vertical flow of
aquifer is small, Dupuit assumption reduces
the nonlinear groundwater to linear one.

dp oh 0
. = —pq - —
dz Pd dz
Vertical pressure gradient Vertical hydraulic gradient
AnCAD Inc. 65
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Dupuit Assumptions

e Flow is horizontal only. No vertical flow is
allowed.

e Darcy’s velocity is constant over the depth of
the flow.

* Flow is under hydrostatic pressure along the
vertical line.

* Spatial variation of flow is small compared to
flow thickness.
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Confined/Unconfined Aquifer System

e Consider the conservation of mass:
oV _Oh 0
ot ot Ox
— Where V' is the volume and S (or .S, ) is the

storage coefficient (or specific storage coefficient)
for confined(or unconfined) aquifer.

e Combined with the Darcy’s law, then
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Confined/Unconfined Aquifer System

oh _O0%h

Let h = u(t)w(x)
Su'(t)w(z) = Ku(t)w"(z)

u/(t) _ K" () ) A~ K
u(t) S w(x) S

Then, u'(t) = —Au u(t) ~ e
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The Difficulties of Analysis

e Accurate modeling is not possible due to
inhomogeneity and anisotropic variation of
hydraulic constants and unknown behavior of
artificial pumping.

e Try to evaluate the change of groundwater via
signal processing with lumped system
assumption.
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Lumped System(confined aquifer)
rainfall
pumping
lll X0 Watertable
h(®) Ape =a
fz‘i(r) Slape =b
dischargel< << :\ recharge
< \/S\ | N
g \\: Control volume
——i Jz = L., — ox _ X
T Z,
Schematic illustration of size specitic lumped system.
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Lumped Systems of Groundwater
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* The level will gradually decay in dry season.

* The variation of groundwater level is highly
related to rainfall.
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